Virial expansion for a strongly correlated Fermi gas by Liu, Xia-Ji et al.
ar
X
iv
:0
90
3.
53
66
v3
  [
co
nd
-m
at.
qu
an
t-g
as
]  
25
 A
pr
 20
09
Virial expansion for a strongly orrelated Fermi gas
Xia-Ji Liu
1,2
, Hui Hu
1,2,3
and Peter D. Drummond
1
1
ARC Centre of Exellene for Quantum-Atom Optis, Centre for Atom Optis and
Ultrafast Spetrosopy, Swinburne University of Tehnology, Melbourne 3122, Australia,
2
Department of Physis, University of Queensland, Brisbane, Queensland 4072, Australia,
3
Department of Physis, Renmin University of China, Beijing 100872, China
(Dated: Otober 30, 2018)
Using a high temperature virial expansion, we present a ontrollable study of the thermodynamis
of strongly orrelated Fermi gases near the BEC-BCS rossover region. We propose a pratial way
to determine the expansion oeients for both harmonially trapped and homogeneous ases, and
alulate the third order oeient b3(T ) at nite temperatures T . At resonane, a T -independent
oeient bhom3,∞ ≈ −0.29095295 is determined in free spae. These results are ompared with a reent
thermodynami measurement of
6
Li atoms, at temperatures below the degeneray temperature, and
with Monte Carlo simulations.
PACS numbers: 03.75.Hh, 03.75.Ss, 05.30.Fk
Strongly orrelated Fermi gases are of wide interest and
underlie many unanswered problems in quantum many-
body systems, ranging from neutron stars, hadrons and
quark matter through to high Tc superondutors [1℄. Re-
ent investigations of Feshbah resonanes in ultraold
atomi Fermi gases have opened new, quantitative op-
portunities to address these hallenges[1℄. A great deal
of theoretial work has been arried out for this simple,
well-ontrolled ase of a strongly interating yet low den-
sity Fermi gas, whih is known as the unitarity limit.
However, a profound understanding is plagued by the
large interation strength, for whih the use of pertur-
bation theory requires innite order expansions. Numer-
ially exat quantum Monte Carlo simulations are also
less helpful than one might expet [2, 3, 4℄. Due to the
Fermi sign problem[2℄, omputer simulations are often
restrited to small samples, and are therefore diult to
extrapolate to the thermodynami limit.
In this Letter, we approah this problem by using a
ontrollable virial expansion study of trapped strongly in-
terating Fermi gases at high temperatures. We fous on
the low-density physis whih is desribed by an eetive
S-wave ontat potential. Our expansion has a small pa-
rameter. The fugaity
z = exp(µ/kBT )≪ 1
is small beause the hemial potential µ diverges loga-
rithmially to −∞ at large temperatures T . The virial
expansion up to the seond virial oeient was applied
by Ho and Mueller to explore the universal thermody-
namis of a homogeneous Fermi gas at unitarity [5℄. Here
we extend this to the third order oeient. Most impor-
tantly, we present a pratial theoretial strategy whih
an even be extended beyond third order. Surprisingly,
we nd that the simplest theoretial route to alulating
these higher order oeients is via the use of exat solu-
tions for the energy eigenstates of harmonially trapped
lusters. This gives a unied approah to alulating
virial oeients in both trapped and untrapped ases.
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Figure 1: (olor online). Predited interation energy as a
funtion of entropy at unitarity, ompared with experimen-
tal data from Duke University [10℄. The solid (dashed) line
shows the ontribution up to the third (seond) order virial
oeient. The arrow indiates the degeneray point.
In reality, the strongly interating spin-1/2
6
Li and
40
K fermioni gases were realized by tuning a magneti
eld aross a resonane [1℄. Extensive experiments have
studied the rossover from the BCS limit (Cooper pair-
ing of atoms) to the BEC limit (Bose-Einstein onden-
sation of diatomi dimers). The most interesting region
lies at the middle of rossover, where the two-body S-
wave sattering length a beomes muh larger in magni-
tude than the inverse Fermi vetor 1/kF [6℄. Fasinating
phenomena may our in this `unitarity limit' [7, 8℄, suh
as the observed sale-invariant, universal thermodynami
behaviour [9, 10, 11℄. Aurate, high-order virial oe-
ients provide an extremely useful tool in analysing these
experimental results above the superuid transition. At
the same time, the methods given here may have general
appliability to other strongly interating systems.
In what follows, we rst introdue a pratial way to
alulate the n-th virial oeients bn(T ) and, by solving
2exatly the two- and three-partile problems, determine
the seond and third virial oeients in an isotropi har-
moni trap at the BCS-BEC rossover. We then fous on
the unitarity limit and alulate the energy and entropy
of a trapped gas using the virial expansion method.
Our main result is summarized in Fig. 1, whih shows
the omparison of the virial expansion predition to a
reent measurement of the entropy-dependene of the in-
teration energy Eint(S) at unitarity. The experiment
was arried out for atomi gases of
6
Li atoms at a broad
Feshbah resonane [10℄. We nd an exellent agreement
at temperatures below the Fermi degeneray temperature
TF . This remarkable result is opposite to the onsensus
that the virial expansion is valid at the lassial Boltz-
mann regime with T ≫ TF . We suggest that it an be
understood by the signiant suppression of higher-order
virial oeients in a harmoni trap.
Even in the absene of a harmoni trap, our method
an still be used to alulate the virial oeients. We
determine a universal oeient bhom3,∞ ≈ −0.29095295 for
a homogeneous Fermi gas at unitarity, in ontrast to a
reent alulation that obtained a result with the oppo-
site sign [12℄. Our resulting equation of state is in good
agreement with existing Monte Carlo results, and may
provide a useful benhmark for testing future quantum
Monte Carlo simulations of strongly interating Fermi
systems at high temperatures.
Virial expansion.  Let us onsider the ther-
modynami potential Ω = −kBT lnZ, where Z =
Tr exp[−(H − µN )/kBT ] is the grand partition fun-
tion. At high temperatures, we an rewrite Z in
terms of the partition funtions of lusters, i.e., Qn =
Trn[exp(−Hn/kBT )] with n denoting the number of par-
tiles in the luster and Trn denoting the trae over
n-partile states of the proper symmetry; thus we nd
Z = 1 + zQ1 + z2Q2 + · · · . The thermodynami poten-
tial an then be written as,
Ω = −kBTQ1
[
z + b2z
2 + · · ·+ bnzn + · · ·
]
, (1)
where the virial oeients are given by,
b2 =
(
Q2 −Q21/2
)
/Q1, (2)
b3 =
(
Q3 −Q1Q2 +Q21/3
)
/Q1, etc. (3)
These equations present a general denition of virial
expansion and is appliable to both homogeneous and
trapped systems. The determination of the n-th virial
oeient thus requires full solutions up to the n-body
problem. It is onvenient to fous on the interation ef-
fets only and onsider ∆bn ≡ bn − b(1)n and ∆Qn ≡
Qn − Q(1)n , where the supersript 1 denotes the non-
interating systems. We shall alulate ∆b2 = ∆Q2/Q1
and ∆b3 = ∆Q3/Q1 −∆Q2.
Seond and third virial oeients in traps.  By
solving the few-body problem exatly, we now evaluate
the virial oeients in a three-dimensional isotropi har-
moni potential V (r) = mωr2/2, with a trapping fre-
queny ω and fermion mass m. The partition funtion
Q1 is easily obtained from the single-partile spetrum of
the harmoni potential, Enl = (2n+ l+3/2)~ω, and the
single-partile wave funtion, Rnl(r)Y
m
l (θ, ϕ). We nd
that Q1 = 2 exp(−3ω˜/2)/[1 − exp(−ω˜)]3 with a dimen-
sionless frequeny ω˜ = ~ω/kBT ≪ 1. The prefator of 2
in Q1 aounts for the two possible spins of eah fermion.
To solve the two- and three-fermion problems, we
adopt a short-range S-wave pseudopotential for inter-
atomi interations, in aord with the experimental situ-
ation of broad Feshbah resonanes. This an be replaed
by the Bethe-Peierls ontat onditions on the wave fun-
tion ψ (r1, r2, ..., rn): when any partiles i and j with un-
like spins lose to eah other, rij = |ri − rj | → 0, rijψ
satises,
∂ (rijψ) /∂rij = − (rijψ) /a. (4)
Otherwise, the wave funtion ψ obeys the noninterating
Shrödinger equation,
n∑
i=1
[
− ~
2
2m
∇2
ri
+
1
2
mωr2i
]
ψ = Eψ. (5)
Unlike Bose gases, no additional many-partile intera-
tion parameters are required. This is due to the absene
of many-partile S-wave bound states (i.e., Emov-like
states) for these low density Fermi gases, whih has a
physial origin in the Pauli exlusion priniple.
The Hamiltonian of two fermions with dierent spins
was solved by Bush et al. [13℄. As the enter of mass
is separable for a harmoni trap, we may single out the
(single-partile) enter-of-mass energy Ec.m. and rewrite
the total energy as E = Ec.m.+Erel. Following Bush et
al. [13℄, the relative energy Erel = (2ν+3/2)~ω satises,
2Γ(−ν)/Γ(−ν − 1/2) = d/a, where d = √2~/mω is the
length sale of the trap, and the (un-normalized) two-
body relative wave funtion is given by, ψrel2b (r = r2 −
r1; ν) = exp(−r2/2d2)Γ(−ν)U(−ν, 3/2, r2/d2). Here,
the total angular momentum of ψrel2b is stritly zero sine
only these states do not vanish at r = 0 and thus
are inuened by the pseudopotential. Γ and U are
the Gamma funtion and onuent hypergeometri fun-
tion, respetively. It is readily shown that b2 − b(1)2 =
∆Q2/Q1 is given by: b2−b(1)2 = (1/2)
∑
νn
[e−(2νn+3/2)ω˜−
e−(2ν
(1)
n
+3/2)ω˜], where the summation over Ec.m. anels
Q1 in the denominator, and ν
(1)
n = 0, 1, ... is the n-
th solution of the relative energy spetra in the non-
interating limit. At unitarity, the two-body solutions,
νn,∞ = n− 1/2, are known exatly [13℄, leading to
b2,∞ − b(1)2,∞ =
1
2
exp (−ω˜/2)
[1 + exp (−ω˜)] =
1
4
− 1
32
ω˜2 + · · · . (6)
The three-fermion problem was studied analytially by
Werner and Castin [14℄ at unitarity, and numerially by
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Figure 2: (olor online). Relative energy levels of a three-
fermion system at the ground state setion (l = 1).
Kestner and Duan [15℄ for arbitrary sattering lengths.
Although the alulations are more involved, the exat
solution is intuitively understandable. Let us skip the
trivial enter-of-mass motion. Assuming a spin state ↓↑↓
and using the Jaobi oordinates r = r2 − r1 and ρ =
(2/
√
3)[r3 − (r1/2 + r2/2)] as shown in the inset of Fig.
2, the three-body relative wave funtion ψrel3b (r, ρ) an be
written as
ψrel3b = (1− P13)
∑
n
anRnl (ρ)Y
m
l (ρˆ)ψ
rel
2b (r; νn), (7)
whih is simply the summation of produts of the
eigenstate of the paired partiles 1 and 2, ψrel2b (r; νn),
and of the eigenstate of partile 3 relative to the
pair, Rnl (ρ)Y
m
l (ρˆ). The value of νn for eah index
n is uniquely determined from energy onservation:
Erel/~ω = (2n + l + 3/2) + (2νn + 3/2) and should not
be onfused with the solutions for the two-body rela-
tive energy. The relative wave funtion ψrel3b has a well-
dened total relative angular momentum of the 3 parti-
les with quantum numbers l and m. The operator P13
ensures the orret exhange symmetry of the wave fun-
tion. This introdues orrelations between the 1− 2 pair
and the remaining partile 3 and thus a hybridization as
parametrized by an. We solve the eigenstate an and
eigenvalue Erel by imposing the Bethe-Peierls boundary
ondition Eq. (4). We nd,
2Γ(−νn)
Γ(−νn − 1/2)an + Cnmam =
(
d
a
)
an, (8)
where the (symmetri) matrix Cnm ≡ [(−1)l/√pi] ×∫
∞
0
dρρ2Rnl (ρ)Rml (ρ/2)ψ
rel
2b (
√
3ρ/2; νm) arises from
the exhange operator P13. Without Cnm we have a
three-body problem of un-orrelated pair and single par-
tile. We label the relative energy in this ase as E¯rel and
alulate it diretly from the two-body relative energy.
We have solved Eq. (8) numerially for 104 energy
levels Erel at dierent relative angular momenta l and
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Figure 3: (olor online). The seond and third virial o-
eients as a funtion of the interation parameter 1/kF a.
We have used a total number of atoms N = 100, leading to
ω˜ = (3N)−1/3 ≈ 0.15 at T = TF .
have heked that at unitarity our results agree exatly
with the analyti spetrum in Ref. [14℄, with relative
numerial errors typially < 10−6 . Fig. 2 shows how the
relative energy spetrum evolves from the BCS to the
BEC side in the subspae of l = 1.
To alulate the third virial oeient using b3−b(1)3 =
∆Q3/Q1 − ∆Q2, we notie that the spin states of ↓↑↓
and ↑↓↑ ontribute equally to Q3. Also, Q1 in the de-
nominator is aneled by the summation over Ec.m., and
the term −∆Q2 is anelled by the dierene between
E¯rel and the noninterating energy E
(1)
rel . Thus, the third
virial oeient is determined solely by the exhange
orrelation, so that b3 − b(1)3 =
∑
exp (−Erel/kBT ) −∑
exp
(−E¯rel/kBT ), where the summation is performed
over all possible three-body states that are aeted by
interations. At unitarity, we obtain:
b3,∞ − b(1)3,∞ = −0.06833960+ 0.038867ω˜2 + · · · . (9)
The seond and third virial oeients through the
rossover is given in Fig. 3 at three typial tempera-
tures. Here we onsider a gas with N = 100 atoms and
sale the inverse sattering length using the Fermi vetor
at the trap enter, kF = (24N)
1/6/(d/
√
2). The tem-
perature is given in units of Fermi temperature TF =
EF /kB = (3N)
1/3(~ω/kB). All the urves with distint
temperatures ross at a → ±∞. This is the manifesta-
tion of universal behavior antiipated if there is no any
intrinsi length sale. However, the harateristi length
sale d of harmoni traps brings a small (non-universal)
temperature dependene that dereases as N−2/3, shown
by the terms ω˜2 in Eqs. (6) and (9).
High-T thermodynamis in traps.  We are ready to
investigate the thermodynamis of a strongly interating
Fermi gas at high temperatures. At unitarity, the energy
E and entropy S in the limit of small ω˜ or large N an
4be alulated aording to the universal relations [7, 8℄,
E = −3αΩ/2, (10)
S = − (3α/2 + 1)Ω/T − kBN ln z, (11)
together with Eq. (1) for Ω and the number identity
N = − (∂Ω/∂µ) = Q1
[
z + 2b2z
2 + · · · ], and the virial
oeients shown in Eqs. (6) and (9). Here, α = 2 for a
harmonially trapped gas. We also alulate the equation
of state EIG(S) of an ideal non-interating Fermi gas,
using b
(1)
n = (−1)n+1 [1/n4 − ω˜2/(8n2) + · · · ].
Fig. 1 shows the predited interation energy Eint =
E − EIG as a funtion of entropy, ompared to the ex-
perimental data reported by Luo et al. [10℄. We nd a
rapid onvergene of expansion, even below the degener-
ay temperature TF , with exellent agreement between
theory and experiment: the virial expansion is appliable
to a trapped Fermi gas even at T < TF .
This remarkable observation is ounter-intuitive, as
the virial expansion is generally believed to be useful
at the Boltzmann regime with T ≫ TF . This o-
urs beause there is a signiant redution of higher-
order virial oeients in harmoni traps. Consider the
thermodynami potential of a harmonially trapped gas
in the loal density approximation, Ω =
∫
Ω (r) dr ∝∫
dr[z (r) + bhom2,∞z
2(r) + · · · + bhomn,∞zn(r) + · · · ], where
z(r) = z exp[−V (r) /kBT ] is a loal fugaity with the lo-
al hemial potential µ(r) = µ−V (r). It is readily seen
on spatial integration that the universal (T -independent)
part of the trapped virial oeient is,
bn,∞(universal) =
(
1
n3/2
)
bhomn,∞. (12)
Therefore, the higher density of states in traps suppresses
the higher order virial oeients, leading to an improved
onvergene of the expansion at low temperatures.
High-T thermodynamis in free spae.  Using rela-
tion (12), we may determine the third virial oeient in
free spae: bhom3,∞ ≈ −0.29095295. This does not agree
with a previous eld-theoreti alulation reported by
Rupak [12℄, bhom3,∞ ≈ 1.11. As well, we may alulate the
high-T thermodynamis in free spae, by taking α = 1
and Q1 = 2V (mkBT/2pi~
2)3/2 in Eqs. (10) and (11).
Fig. 4 presents the interation energy Eint of a homo-
geneous Fermi gas at unitarity as a funtion of temper-
ature. For omparison, we also show the results of two
quantum Monte-Carlo simulations. The virial expansion
in free spae seems to onverge at T > 2TF .
In onlusion, we have shown that the virial expan-
sion onverges rapidly for a degenerate, resonant Fermi
gas in a harmoni trap. This allows us to investigate
the thermodynamis in a ontrollable way. We have pro-
posed a pratial method to obtain the third virial oe-
ient throughout BCS-BEC rossover. Higher order oef-
ients are alulable in a similar manner, and may hold
the prospet of revealing the exat thermodynamis of
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Figure 4: (olor online). Temperature dependene of inter-
ation energy of a homogeneous gas at unitarity, obtained
using dierent virial oeients. For omparison, two quan-
tumMonte Carlo data reported in Refs. [2℄ and [4℄ are shown.
A nite range of interations has been used in Ref. [2℄, whih
may lead to a systemati downshift in energies. We list also
the result alulated by using Rupak's bhom3,∞ ≈ 1.11.
resonant Fermi gases in the deep degenerate regime. The
urrent work provides a useful benhmark on testing fu-
ture experiments and quantum Monte-Carlo simulations
on strongly interating Fermi gases.
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